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Finite Element Time Domain—Modal Formulation for Nonlinear
Flutter of Composite Panels

R. C. Zhou,* David Y. Xue,t and Chuh Mei$
Old Dominion University, Norfolk, Virginia 23529

A finite element time domain modal approach is presented for determining the nonlinear flutter characteristics
of composite panels at elevated temperatures. The von Karman large-deflection strain-displacement relations,
quasisteady first-order piston theory aerodynamics, and quasisteady thermal stress theory are used to formulate
the nonlinear panel flutter finite element equations of motion in nodal displacements. A set of nonlinear modal
equations of motion of much smaller degrees of freedom for the facilitation in time numerical integration is then
obtained through a modal transformation and reduction. All five types of panel behavior—flat, buckled, limit-
cycle, periodic, and chaotic motions—can be determined. Examples show the accuracy, convergence, and versa-
tility of the present approach.

Nomenclature
[A], [B], [D] = extension, coupling, and bending laminate

stiffness matrices
a, b = panel length and width
[C] = modal aerodynamic damping matrix
Eb E2 = Young's moduli in major and minor axes
G12 = shear modulus
h = panel thickness
[K], [k] = system and element linear stiffness matrices
[Kl], [kl] = first-order nonlinear stiffness matrices
[K2], [k2] = second-order nonlinear stiffness matrices
[M], [m] = mass matrices
M^ = Mach number
pa = aerodynamic pressure
{q} - modal amplitude vector
u, v = in-plane displacements
w = panel deflection
al9 ot2 = major and minor coefficients of thermal

expansion
AJ = temperature change
{e} = total strain vector
0 = lamination angle
{K} = curvature vector
X = nondimensional aerodynamic pressure
ji = air-panel mass ratio
v = Poisson's ratio
p = mass density
{a} = stress vector
i = nondimensional time
[O] = modal matrix
{(j)} = normal modes
co0 = reference frequency

Subscripts
a = air
b = bending
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Superscripts
r,s
t

- critical .
= membrane
: reference

: rth and 5th normal modes
= transpose

Introduction

PANEL flutter has been encountered in the operation of aircraft
and missiles at supersonic speed. Panel flutter differs from the

conventional lifting surface or wing flutter in at least three aspects:
1) it is a transonic/supersonic phenomenon; 2) the airflow is only
on one side of the panel; and 3) the large-deflection structural non-
linearities tend strongly to exhibit limit-cycle oscillations. The ear-
liest reported structural failures that can be attributed to panel flut-
ter were the failure of the 60-70 early German V-2 rockets during
World War II.1 A most recent structural failure due to panel flutter
(and also acoustic fatigue) was reported at the AIAA 1992 Dynam-
ics Specialists Conference.2 After the flight tests of the F-117A
stealth fighter, cracks were found in about half of the laminated
composite skin panels. Those panels were then redesigned and
stiffened.

Panel flutter has received resurgent interest due to the develop-
ment of high-speed flight vehicles such as the YF-22, High Speed
Civil Transport, and National Aero-Space Plane (NASP). To prop-
erly analyze and design an aircraft or missile structure that is trav-
eling at high supersonic speeds, the effects of temperature as well
as aerodynamic pressure must be considered. The friction from the
surrounding air causes increased heating of the structure. The pres-
ence of high thermal loads usually results in flutter motions at dy-
namic pressures lower than when there are no temperature effects.
An excellent summary of both linear and nonlinear panel flutter re-
search through 1970 was given by Dowell.3 Reed et al.4 conducted
a survey in the area of hypersonic flutter in support of the NASP
program. Gray and Mei5 recently gave a complete survey on vari-
ous theoretical considerations and analytical methods for nonlinear
panel flutter up to 1991.

Very few investigations on panel flutter have dealt with thermal
effects.6"12 Houbolt6 was the first who studied the flutter bound-
aries for two-dimensional panels with uniform temperature distri-
bution. The panel deflection due to the combined aerodynamic
pressure and thermal loads was assumed to consist of two compo-
nents: a thermal postbuckling deflection with the influence of dy-
namic pressure and a time-dependent flutter deflection. Two linear
natural vibration modes were used for the postbuckling deflection
that was considered to be large in the von Karman sense. The dy-
namic flutter deflection was considered to be small. Thus, nonlin-
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ear thermal postbuckling including the effects of airflow and linear
panel flutter including the thermal effects were investigated. Buck-
ling stability and flutter boundaries were obtained for two-dimen-
sional panels of pinned ends and clamped ends.

Application of the finite element methods to study linear flutter
of thermally buckled two-dimensional panels was reported by
Yang and Han8 for uniform temperature and by Xue et al.9 for non-
uniform temperature AT(x) distribution. Extension of the finite ele-
ment method to nonlinear panel flutter with temperature effects
was given by Xue and Mei10'11 for two-dimensional and three-di-
mensional isotropic panels of arbitrary shape and by Dixon and
Mei12 for rectangular composite panels.

As disclosed in all of those surveys, the aerodynamic theory em-
ployed for the most part for panel flutter at high supersonic Mach
number (M00>1.6) is the quasisteady first-order piston theory
aerodynamics. Classical continuum approaches of nonlinear panel
flutter are determined usually through the use of Galerkin's
method in the spatial domain and then in the temporal domain
by direct numerical integration3'13 in general, or by such tech-
niques as perturbation, and harmonic balance (see Refs. 3 and 5).
In nonlinear panel flutter investigations using the finite element
frequency domain (FE-FD) formulation,5'8"12'14 the linearized up-
dated mode with a nonlinear time function approximation (LUM/
NTF) method 5'9~12 is usually employed. As it was concluded in
Ref. 11, the FE-FD method can determine the buckling and flutter
stability boundaries and the harmonic limit-cycle motions in the
dynamic pressure vs temperature (A, vs A7YArcr) plot shown in
Fig. 1. However, the FE-FD method can give no information at all
in the region of nonharmonic and chaotic motions (area ABE).

This paper presents a finite element time domain modal (FE-
TM) formulation for the nonlinear flutter analysis of thin arbi-
trarily laminated composite panels at elevated temperatures. Thus,
all five types of panel behavior—flat, buckled, limit-cycle oscilla-
tions, periodic but nonharmonic, and chaotic motions—can be de-
termined using the FE-TM method. To validate the accuracy of the
FE-TM approach, limit-cycle motions at AT/AT^ = 0,1, and 2 are
obtained for a simply supported square isotropic panel, and results
are compared with solutions from the FE-FD11 and classical con-
tinuum Galerkin/numerical integration3'13 methods. For the modal
reduction, the number of modes for a converged limit-cycle ampli-
tude of a composite panel is studied. To demonstrate the versatility
of the FE-TM method, limit-cycle, periodic, and chaotic motions
are presented for isotropic and composite panels at certain combi-
nations of dynamic pressure and thermal load.

Nonlinear Panel Flutter Formulation
Constitutive and Strain-Displacement Relations

The von Karman strain-displacement relations for a plate under-
going extension and bending at any point z through the thickness
is the sum of membrane and change of curvature strain compo-
nents as

(1)

The stress-strain relations for a general Mi orthotropic lamina hav-
ing a lamination angle 0, subjected to a temperature change of
ATXx, y, z), are
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where [Q ] is the transformed reduced stiffness matrix.
The stress resultants, per unit length, are defined as

fh/2
({N}, { M } ) = {o}t(l,z) dz

J-h/2
(3)

This leads to the constitutive relations for a composite laminate

= A « ] M _ ,
S D j U J (MAT

where the thermal forces and moments are
fh/2

({NAT}, {MAr}) = f [2] t{o} tAr(l,z) dz
J-h/2

(4)

(5)

Aerodynamic Pressure Function
As disclosed in all of the panel flutter surveys, the aerodynamic

theory employed for panel flutter at high supersonic speeds
(Moo > 1.6) is the quasisteady first-order piston aerodynamics. The
aerodynamic pressure is represented as

2q
Pa = ——ZT

\ a3 W'x coft a4 (6)

where qa = paVJ2 is the dynamic pressure, pa the air density, V^
the airflow speed, a the panel length, co0 = (Dm/pha4)l/2 a conve-
nient reference frequency, and (3 = (Moo -1)1/2. The value Z)110 is
the first entry of the bending stiffness matrix [D] calculated when
all of the fibers of the composite layers are aligned in the direction
of the airflow (x axis). The nondimensional dynamic pressure and
aerodynamic damping are given by

(7)
'no

Other commonly used nondimensional parameters are the air-
panel mass ratio and aerodynamic damping coefficient; they are
defined as

(8)w l - i j p
800

700-

0.0 3.0

Fig. 1 Stability boundaries and limit-cycle amplitudes of a simply
supported square isotropic panel with uniform temperature.
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From Eqs. (7) and (8), ga = (kca)1/2 and ca
used in Refs. 3 and 13.

= ji/M00(forM00» l)as AT/AT cr =2.0 1.0 0.0

Finite Element Equations of Motion
Proceeding from this point, the displacements in Eq. (1) are ap-

proximated over a typical element, e.g., rectangular5'12 and trian-
gular,11-14 using the corresponding interpolation functions and
nodal displacements. Through the use of Hamilton's principle and
finite element expression, the equations of motion for a laminated
composite plate element, rectangular12 or triangular,11 subjected to
dynamic pressure X and temperature change AT(x,y,z) simulta-
neously can be written as

[m]b

0

0
On

0 0

[kl]

Wb W

[klNB] [kl]
0

0 0

+ [*2] 0
0 0

(9)

where [m], [g], [aj, and [k] are the element mass, aerodynamic
damping, aerodynamic influence, and linear stiffness matrices, re-
spectively; [kl] and [k2] depend linearly and quadratically upon
the element displacements {w}, respectively; and {p^T} is the ele-
ment thermal load vector. The subscripts B, NAT, Nm, and NB de-
note that the corresponding stiffness matrix is due to the laminate
coupling stiffness [#], thermal membrane forces {AfAr}, membrane
force components {Nm}(= [A]{e° }), and [NB}(= [£]{*}), respec-
tively. All element matrices in Eq. (9) are symmetric except the
aerodynamic influence matrix [#J, which is skew symmetric. De-
tailed derivation of the element equations of motion and expres-
sions of the element matrix are included in Refs. 5, 9, and 12.

After assembling the individual finite elements for the complete
panel and applying the kinematic boundary conditions, the system
equations of motion for a given laminated composite panel of gen-
eral planform subjected to a combined airflow and temperature can
be expressed in the matrix form as

co.

[M]b 0
0 [M],

M [ A J ° U
0 0

[ K l ] ,

W,H + £ « [G] ON"*
VU Wo I 0 0|UM

W,

[^1]»«
0

[K2] 0
0 0

or simply

—AM} {W} + [ G ] {W}
con

con

+ [Kl} + [K2] ) {W} = {FAr}

1.0

Dowell (6 modes)

A Frequency Domain
(DKT Elements)
Time Domain-Modaln (Rectangular Elements
and 6 modes)

200 400 600 800 1000

(10)

Fig. 2 Comparison of limit-cycle amplitudes for a simply supported
square isotropic panel (u/M^ = 0.1).

The system equations of motion for nonlinear flutter of compos-
ite panels at elevated temperatures are thus obtained. Two meth-
ods, frequency domain and time domain, can be used to determine
panel flutter response from Eq. (10). The FE-FD method consists
of two solution steps in sequence. In the first step, the thermal
postbuckling panel deflection with the influence of dynamic pres-
sure is determined using the Newton-Raphson iteration technique.
The limit-cycle oscillations are determined in the second step
using the LUM/NTF method.5'9'12 The FE-FD method,5'10-12

which has been used successfully to study nonlinear panel flutter,
requires less computational time15 than the method of time numer-
ical integration. However, the FE-FD method cannot predict the
periodic and chaotic panel motions. Detailed descriptions of the
FE-FD formulation and the LUM/NTF method are given in Refs.
5, 11, and 12.

Time Domain Modal Method
Modal Reduction

The system equations of motion presented in Eq. (10) are not
suitable for numerical integration because of two shortcomings:
1) the number of degrees of freedom of the system nodal displace-
ment vector {W} is too large, and 2) the nonlinear stiffness matri-
ces are functions of the system displacement vector. Therefore, Eq.
(10) has to be transformed into a set of properly chosen modal co-
ordinates with rather small degrees of freedom (<10, and 6 modes
by Dowell3). This is accomplished by a modal transformation

(ID
where {§rs} corresponds to the normal mode (r, s) from the linear
vibration solution of the system

(12)

For a rectangular panel with airflow along its length, the proper
modes are the first few in the airflow freestream direction and the
first mode (m = 1) in the spanwise direction. Equation (11) thus
becomes

(13)
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Nonlinear Modal Stiffness Matrices and Modal Equations
The formulation of the system equations of motion in terms of

modal coordinates necessitates the transformation of the individual
matrices in Eq. (10) to their equivalent modal matrices. The non-
linear stiffness matrices, [Kl] and [K2], can be expressed in terms
of the modal coordinates as

[Kl] =

and

(14)

(15)

The nonlinear modal stiffness matrices, [Kl]^ and [K2]^rs\ are
evaluated with the corresponding element components [see Eq.
(9)] obtained from the system modes {tyr} and [tys] as

all elements
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Fig. 3 Limit-cycle motions of a simply supported square isotropic
panel (ji/M^ = 0.1) at A, = 800 and Ar/ATcr = 1.0.
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Fig. 4 Periodic motions of a simply supported square isotropic panel
= 0.1) at A, = 300 and Ar/ATcr = 3.0.

and

[K2] (rs} = [k2](rs} 0
0 0

(17)

Thus, all entries of the nonlinear modal stiffness matrices,
and [K2](rs\ are known quantities.

With the modal transformation of Eq. (13) and nonlinear modal
stiffness matrices in Eqs. (14) and (15), the system equations of
motion, Eq. (10), are thus transformed to the general Duffing equa-
tion in reduced modal coordinates as

[M] {?_„} + [C]

[*,] + [*„]: (18)

where T = (BO? is the nondimensional time, and the modal mass [M ]
and modal aerodynamic damping [C] matrices are diagonal as

], [C]) = (19)
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(13) are uncoupled. Thus, a properly chosen modal transformation
will have the form

(24)

(25)

and the system equations of motion for symmetric composite and
isotropic panels are reduced to the Duffing equation as

where {tyr}b is the normal mode from

([K]b+[Kqq]b)[q} = (26)

The detailed expressions of the diagonal modal mass [M]b, diago-
nal modal aerodynamic damping [C], linear modal stiffness [K]b,
and second-order nonlinear modal stiffness [K ] , matrices are
given in the Appendix.
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Fig. 5 Chaotic motions of a simply supported square isotropic panel
= 0.1) at A, = 300 and Ar/AJcr = 6.0. Fig. 6 Convergence of limit-cycle amplitudes for a simply supported

square [0/45/-45/90], panel (yJM» = 0.01).

the linear terms in {q} are

[K] {q} = [*]'(X[Aa] + [AT] - [JCWAr]) [*] {q} (20)

and the quadratic and cubic terms in [q] are

and

[K ] {q} = [O]' Y \ qqL <?<?J 1^J L J I Z~t ^j^rVs
^r= ls= I

and the modal thermal load vector is

[O] {q} (22)

(23)

For symmetrically laminated composite and isotropic ([B] = 0)
panels, the bending [tyr}b and membrane {tyr}m mode shapes in Eq.

100 500

Fig. 7 Effect of temperature on limit-cycle amplitude for a simply
supported square [0/45/-45/90], panel (ji/M^ = 0.01).
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For various combinations of dynamic pressure X, temperature
change AT and aerodynamic damping g^-foii/M^), all five
types of panel behavior—flat, buckled, limit-cycle, periodic, and
chaotic motions—can be determined from the nonlinear modal
equations of motion, Eq. (18) or Eq. (26), using any numerical in-
tegration scheme such as the Runge-Kutta or Newmark-p method.

Results and Discussions
Isotropic Panel

To verify the present finite element time domain modal formu-
lation, the limit-cycle results are obtained for a simply supported
isotropic square plate with Ji/M^ = 0.1, at AT/ATCT = 0, 1.0, and
2.0 shown in Fig. 2. The temperature distribution AT is assumed to
be constant in all of the examples. Because of the symmetry in air-
flow direction, a half-plate is modeled by using a 12 X 3 mesh or
36 rectangular plate elements, and the finite element system equa-
tions of motion are reduced to six nonlinear modal equations in the
form of Eq. (26). Limit-cycle results by Do well3 using a six-mode
model and by FE-FD using 48 discrete Kirchhoff triangular (DKT)
elements (half-plate with 8 X 3 X 2 mesh) are also shown in Fig. 2
for comparison. It demonstrates excellent agreement of these three
methods.

The limit-cycle amplitude vs nondimensional time T, the phase
plane plot of vvmax//z vs wmax//z, and the power spectral density
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Fig. 8 Limit-cycle motions of a simply supported square [0/45/-45/
90]s panel (u/AC = 0.01) at X = 450 and AT/ATcr = 1.0.
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Fig. 9 Periodic motions of a simply supported square [0/45/-45/90]s
panel (u/M^ = 0.01) at X = 140 and Ar/AJcr = 3.0.

(PSD) of wmax/h are shown in Figs. 3a-3c for a simply supported
isotropic square plate at A = 800 and AT/ATCT = 1.0. The time his-
tory in Fig. 3a describes a harmonic limit-cycle motion, and the
phase plane plot and the PSD verify that the panel motion is domi-
nated by a simple harmonic motion.

The same simply supported panel at K = 300 and AT/ATCT = 3.0
exhibits periodic motions as shown in Figs. 4a-4c. As can be seen,
the results in Fig. 4c show three frequencies dominating the power
spectrum, which is the expected result for a periodic motion with
three dominant orbits in the phase plane plot (Fig. 4b). The limit-
cycle and the periodic motions are both independent on the initial
conditions. The response figures shown in Figs. 3a and 4a are the
steady-state response after the transients have decayed.

At moderate A, = 300 and large temperature ratio AT/ATCT = 6.0,
the simply supported panel motion is expected to be chaotic as
shown in Figs. 5a-5c. The time history in Fig. 5a shows clearly
snap-through (or oil-canning) motions of the panel. The PSD (Fig.
5c) shows that the response tends to be wideband owing to irregu-
lar motions of the panel.

Composite Panels
Panel flutter of composite plates can be studied in a similar fash-

ion. As the first example, a simply supported square graphite/
epoxy panel of eight layers [0/45/-45/90]5 is investigated. The di-
mensions and material properties of the panel are as follows:
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Fig. 10 Chaotic motions of a simply supported square [0/45/-45/90],
panel (yJM» = 0.01) at X = 230 and A7VArcr = 6.0.

a = 12 in. (30.5 cm)
h = 0.050 in. (0.127 cm)

El = 22.5 Msi (155GPa)
E2 = 1.11 Msi (8.07 GPa)

G12 = 0.66 Msi (4.55 GPa)
v12 = 0.22
ctj = -0.04 x 10-6/°F (-0.07 x 10-6/°C)
a2 = 16.7 x 10~6/°F (30.1 x 10-6/°C)
p = 0.1458 xlO-3lb-s2/in.4 (1550 kg/m3)

The complete plate is modeled with a 10 X 6 mesh or 60 rectan-
gular plate elements. The aerodynamic damping coefficient ca is
taken to be 0.01. Figure 6 studies the convergence of limit-cycle
results by retaining different numbers of modes in the modal equa-
tions. It can be seen that a six-mode model will give accurate re-
sults (the same as the isotropic case). Figure 7 shows the panel de-
flection vs dynamic pressure at various temperatures (AT/ATcr = 0,
1.0, and 2.0). The critical temperature ATCT is 21.387°F. The higher
the temperature ratio Ar/Arcr, the lower the dynamic pressure X.
This resembles exactly the isotropic case (cf. Fig. 2).

Figures 8a-8c illustrate the limit-cycle motions for the symmet-
ric composite panel at K = 450 and AJ/Arcr = 1.0. The harmonic
behavior is clearly shown. In Figs. 9a-9c the periodic results are
shown for the same composite panel at X = 140 and AT/ATCT = 3.0.
At high temperature AT/AT^ = 6.0 and moderate X = 230, the panel
motion shows chaotic behavior, which can be seen in Figs. lOa-
lOc. The phase plane plot, Fig. lOb, shows an irregular motion and
the PSD, Fig. lOc, clearly verifies this.

An unsymmetric laminated ([B] + 0) square panel of two layers
[0/90] is studied as well. The top is the 0-deg layer and with the
airflow. The panel characterizes no bifurcation behavior due to the
thermal bending moment. Thus, there is no critical temperature in
this case. A reference temperature, however, is obtained by setting
the thermal bending load vector to zero. For a simply supported
unsymmetric square panel with the same material properties and
dimensions as those of the symmetric case, this reference tempera-
ture Arref is found to be 16.718°F. Because of this unsymmetry,
the limit-cycle motion is that the response is no longer purely har-
monic, and the top and bottom panel amplitudes are not equal.
Moreover, the top amplitude is slightly larger than that of the bot-
tom. This is depicted in Fig. 11 for X = 400 and AT/Arref = 1.0.
Figures 12a-12c show the chaotic motion for this unsymmetric
composite panel at \ - 320 and AT/ATref = 6.0. It is difficult to dis-
tinguish the obvious periodic motion from the chaotic region due
to the effect of the coupling matrix [B].
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S .1
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200 400 600
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800 1000

Fig. 11 Limit-cycle motions of a simply supported square [0/90]
panel (u/AC = 0.1) at X = 400 and A7YAjTref = 1.0.
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a)

2 3 4 5 6

Nondimensional Time

By neglecting the membrane inertia term, the membrane displace-
ment vector can be expressed in terms of the bending displacement
vector as

(A2)

Then Eq. (10) can be written in terms of the bending displacements
as

[G]{Wb}cfln

All of the system matrices in Eqs. (A1-A3) have been defined in
Eq. (10).

The nonlinear stiffness matrices [Kl}bm and [K2] can be ex-
pressed in terms of the modal coordinates as

(A4)

and

£ .2

•o
I -1
"5-
I'05

c)
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Fig. 12 Chaotic motions of a simply supported square [0/901 panel (u/
M^ = 0.1) at A, = 320 and A7YArref = 6.0.

Conclusions
A finite element time domain modal formulation is presented

for the analysis of nonlinear flutter of composite panels at elevated
temperatures. Isotropic panels can be treated as a special case of
the composite panel. Six modes are needed to obtain the conver-
gent limit-cycle results. The flutter dynamic pressure will reduce
as the temperature rises. The present time domain modal method
can predict all five types of panel behavior: flat, buckled, limit-cy-
cle, periodic, and chaotic; whereas the frequency domain method
fails to predict the periodic and chaotic motions. For unsymmetric
composite panels undergoing limit-cycle motions, the panel ampli-
tudes are not equal. Furthermore, due to the greatly reduced de-
grees of freedom in the nonlinear modal equations of motion, the
present panel flutter modal formulation can be employed for flutter
suppression using various active control schemes.

Appendix
For symmetrically laminated composite and isotropic panels,

the laminate coupling stiffness [B] is null; thus the two stiffness
submatrices in Eq. (10) are

(A5)

The nonlinear stiffness matrix [KlNm]b is linearly dependent on the
membrane displacements {Wm} that can be expressed in terms of
the modal coordinates as

{wm} =

where

{Wm}0=

(A6)

(A7)

(A8)

Thus, the matrix [KlNm]b is the sum of two matrices: the first ma-
trix [KNm] is evaluated with {VKm}0, and the second matrix

™ is evaluated with [Wm}rs as

(A9)

With the modal transformation of Eq. (24) and Eqs. (A4-A9),
Eq. (A3) reduces to

tn} + [C] {qj [Kqq\b) {q} =
(A10)

where the diagonal modal mass and aerodynamic damping matri-
ces are

(Al) ( [ M ] b , [ C ] ) = [0]'([M,],gJG]) [O] (All)
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the linear terms in {q} are

( K ] b { q } = [4»]'(X[AJ + [K]b- [KNAT]

+ [KNm] ) [*] {<?} + [«

the cubic terms in {q} are

r=ls=l

and the modal thermal load vector is

(A14)
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